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Abstract. Let D be a bounded homogeneous domain in C" and let ip be an automorphism of D which 
generates a discrete subgroup V of Autg(D). It is shown that the complex space D/T is Stein. 

1. Introduction 

Let D C C" be a bounded domain of holomorphy and let ip be an automorphism of D such that the 
cyclic group T := (p) := {ip k ; k 6 Z} is a discrete subgroup of the automorphism group Auto(D). It 
follows that r acts properly on D and hence that the quotient X := D/T is a complex space. In this 
situation one would like to know conditions on D or <p which guarantee that X is a Stein space. 

Since the group T is cyclic, it is either finite or isomorphic to Z. In the first case it is a classical result 
that Steinness of D implies Steinness of X. Therefore we assume that T is infinite cyclic. In the case 
that D is biholomorphically equivalent to the unit ball B„ it is proven in [1] and [S] that X = D/(ip) is 
Stein for hyperbolic and parabolic automorphisms p. We will generalize this result to arbitrary bounded 
homogeneous domains. 

Theorem. Let D C C" be a bounded homogeneous domain. Let p be an automorphism of D such that 
the group T = (p) is a discrete subgroup of Aute>(_D). Then the quotient X = D/T is a Stein space. 

The main steps of the proof are as follows. Since the group Aute>(_D) has only finitely many connected 
components, we may assume that p is contained in G = Auto(D) . By Kaneyuki's theorem the group G 
is isomorphic to the identity component of a real-algebraic group. Hence, every element ip 6 G may be 
written as p — p e Pb<Pu where ip e is elliptic, pu is hyperbolic, p u is unipotent and where these elements 
commute. It can be shown that the group T' := (p^p u ) is again discrete in G. Since the groups T and 
r' differ by the compact torus generated by p e , the quotient X' = D/T' is Stein if and only if X is 
Stein. Consequently we may work with the group T' which has the advantage of being contained in a 
maximal split solvable subgroup S of G which acts simply transitively on D. Exploiting the structure 
theory of S we obtain the existence of an S'-equivariant holomorphic submersion ir : D — > D' onto a 
bounded homogeneous domain D' whose fibers are biholomorphically equivalent to the unit ball B m . If 
r' acts properly on D' we are in position to use an inductive argument to prove Steinness of X while if 
r' stabilizes every 7r-fiber we use the fact that the quotients M m /T' are already known to be Stein. 

This paper is organized as follows. In the first section we provide the necessary background on bounded 
homogeneous domains and their automorphism groups. In the second section we establish the existence of 
a Jordan-Chevalley decomposition in G and reduce the problem to discrete subgroups of S. In Section 3 
we study in detail the unit ball M n and obtain a new proof of the fact that M n /T is Stein. Afterwards 
we prove the existence of the S'-equivariant submersion n : D — > D' which allows us to prove the main 
result in the last section. 

Acknowledgements. I would like to thank Prof. Dr. K. Oeljeklaus for many helpful and encouraging 
discussions on the topics presented here as well as for several invitations to the Universite de Provence 
(Aix-Marseille I) where this paper has been written. 

2. Background on bounded homogeneous domains 

We review several facts from the theory of bounded homogeneous domains. For further details we 
refer the reader to [20] and [13 and the references therein. 
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2.1. The automorphism group of a bounded homogeneous domain. Let D C C™ be a bounded 
domain. A theorem of H. Cartan ([3]) states that the group Auto(D) of holomorphic automorphisms 
of D is a real Lie group with respect to the compact open topology such that its natural action on D 
is diffcrcntiable and proper. We write G for the connected component of Auto(D) which contains the 
identity. We identify the Lie algebra g = Lie(G) with the Lie algebra of complete holomorphic vector 
fields on D. 

Definition 2.1. The bounded domain D is called homogeneous if Auto(D) acts transitively on it. 

Remark. (1) Let D be a bounded homogeneous domain and let zq 6 D be a base point. Since 
D = Auto(D)/ Aute>(D)z is connected, the (compact) isotropy group Auto(D) Zo meets every 
connected component of Auto (D). This shows that Aute>(Z?) has at most finitely many connected 
components. 

(2) If D is homogeneous, then G = Auto(D) acts transitively on D, too. 

From now on we assume that the bounded domain D C C™ is homogeneous. It follows from 2 that 
the group G is semi-simple (and then in particular real-algebraic) if and only if D is symmetric. For 
arbitrary homogeneous domains the group G is semi- algebraic by Kaneyuki's theorem. 

Theorem 2.2 Ql4j). There exists a faithful representation p of G such that p{G) C GL(A, K) is the 
identity component of a real- algebraic group. In particular, q is isomorphic to an algebraic Lie algebra. 

Recall that a real Lie algebra 5 is called split solvable if it is solvable and if the eigenvalues of ad(£) 
are real for every £ G s. A Lie group is called split solvable if it is simply-connected and if its Lie 
algebra is split solvable. If G is semi-simple, the Iwasawa decomposition K x A x N — > G exhibits 
G as diffeomorphic to the product of its maximal compact subgroup K and its maximal split solvable 
subgroup S :— AN = A ix N. The following theorem of Vinberg generalizes this decomposition to the 
group G — Auto (I?) for arbitrary bounded homogeneous domains D. 

Theorem 2.3 (|25j). Let H be the connected component of a real- algebraic group. Then there exist a 
maximal compact subgroup K and a maximal split solvable subgroup S of H such that the map K x S — » H , 
(k, s) i— > ks, is a dijfeomorphism. Each maximal split solvable subgroup of H is conjugate to S by an 
inner automorphism of H . 

Remark. Let K x S — > G be the decomposition of G from Theorem l2.3l Then S acts simply transitively 
on D. 

For later use we collect some properties of split solvable Lie groups. 

Theorem 2.4. Let S be a split solvable Lie group. 

(1) The group S is isomorphic to a closed subgroup of the group of upper triangular matrices in 
GL(A,R). 

(2) The exponential map exp: s — > S is a dijfeomorphism. 

(3) Every connected subgroup of S is closed and simply- connected. 

(4) For each element g G S the group {g k ; k G Z} is a discrete subgroup of S isomorphic to Z. 

(5) Let S 1 C S be a connected subgroup and let (S') C S be their universal complexifications in the 
sense of |10j. Then the homogeneous space S C /(S') C is biholomorphic to (2 dlmS ^ dlmS . 

Proof. The first three statements are classical (see for example [H]). The fourth assertion is a direct 
consequence of the second one. A proof of the last assertion can be found in [5]. □ 

2.2. Siegel domains and the grading of g. In this subsection we will describe the notion of Siegel 
domains of the first and of the second kind. Our motivation for the study of these domains comes from 
the fact that each bounded homogeneous domain can be realized as a Siegel domain ([H]). In addition 
we discuss the grading of g which has been introduced in [16) . 

Let V be a finite-dimensional real vector space and let Q C V be a regular cone, i. e. an open convex 
cone which does not contain any affine line. 

Definition 2.5. The tube domain D := D(fl) := {z G V c ; Im(z) G f2} = V + is called the Siegel 
domain of the first kind associated with fi. 
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Remark. The assumption that D is a tube domain over a regular cone is quite strong. Although the unit 
ball in C™ is biholomorphically equivalent to a tube domain over a convex domain in R", it can not be 
realized as a Siegel domain of the first kind. 

The automorphism group G(f2) of f2 is defined by 



Since the condition g(fl) — fi is equivalent to g(Cl) — Q, the group G(f2) is closed in Gh(V) and hence a 
Lie group. We embed G(f2) into the automorphism group of D — D(fl) by g i— ► (ys g with ip g (z) = gz. 

Let Ifbea finite-dimensional complex vector space. A map $ : W x W ^ V c is called fi-Hermitian 
if the following holds: 

(1) For all w' £ W the map w <— > 3>(it;, u/) is complex-linear. 

(2) We have $(w',w) = 3>(w,w') for all iu, u/ £ VT. 

(3) We have <£>(ui, u>) £ f2 for all io £ W, and $(ui, «;) = if and only if u> = 0. 

Remark. If V = K and £1 = R >0 , then an fi-Hermitian form is the same as a positive definite Hermitian 
form on W . 

Definition 2.6. Given f2 and $ as above, the domain 



is called the Siegel domain of the second kind associated to fl and <&. 

Proposition 2.7. Every Siegel domain of the first or second kind is convex and biholomorphically equiva- 
lent to a bounded domain. Hence, each Siegel domain D is a domain of holomorphy and its automorphism 
group is a real Lie group acting properly on D. 

Proof. Convexity of Siegel domains is elementary to check. For a proof of the fact that D is biholomor- 
phically equivalent to a bounded domain we refer the reader to |20J. □ 

Theorem 2.8 (|24j). Every bounded homogeneous domain can be realized as a Siegel domain of either 
the first or the second kind. 

Let D — D(fl, <£") be a Siegel domain. As usual we write G for the connected component of the identity 
in Aute>(-D)- Let us introduce linear coordinates Zk, 1 < k < dime V C , in V C an d w a , 1 < a < dime W, 
in W . It follows from the definition that q contains the vector field 



where Q\ is the eigenspace of &d(5) for the eigenvalue A. Then the following holds. 

(1) We have [qx,^] C for all A, fi E {±1, ±1/2,0}. 

(2) The translation vector fields 1 < k < dimcl^ c , form a basis o/g_i- Consequently, we have 
dim£)_i = dime V c . 

(3) The elements o/g_i/2 are of the form 



G(O) := {g e GL(V); g(n) = n}. 



D := D(fi,$) := {{z,w) £ V c x W; lm(z) - $(w,w) £ fl} 




Theorem 2.9 (|16j). The Lie algebra g admits a decomposition 



= 0-1© 0-1/2 © 00 © 01/2 © 01, 





)• 



U) 



Consequently, dimg_!/2 = 2 dime W , and 0_i/2 = {0} if and only if D is a Siegel domain of the 
first kind. 

The Lie subalgebra go consists of all elements of the form 
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where the matrix A := (au) lies in the Lie algebra of G(£l) and B := (b a p) G g[(WO fulfills 

A$(w, w') = w') + $(u>, Bw') 

for all u>, w' G W . 

(5) The subalgebra g_i © fl-1/2 © 0o * s the Lie algebra of the group of affine automorphisms of D. 

Theorem 12.91 allows us to find a particularly nice maximal split solvable subalgebra s of q. 

Proposition 2.10. Let Sq be a maximal split solvable subalgebra of Qq. Then s := g_i © 8-1/2 ©So is a 
maximal split solvable subalgebra of Q. 

Proof. This is the content of Proposition 2.8 in [T5]. □ 

2.3. Normal j— algebras. We have seen that every bounded homogeneous domain D is diffeomorphic 
to a split solvable Lie algebra s. Transferring the complex structure and the Bergman metric of D to s 
we obtain the notion of a normal j-algebra which was introduced by Pyateskii-Shapiro. We follow the 
exposition in [12] . Complete proofs and further details can be found in [20] . 

Definition 2.11. A normal j-algebra is a pair (s, j) of a split solvable Lie algebras and a complex structure 
j on s such that 

(2.1) +M,e\ - vu?] = 

for all £, £' £ s. In addition, we demand the existence of a linear form u> £ s* such that 

:^([^']) 

defines a j-invariant inner product on s. 

Remark. If we extend the complex structure j on s to a left invariant complex structure J on the simply- 
connected group S, then condition (|2.1[) guarantees that S* is a complex manifold with respect to J. 

Let us describe the fine structure of a normal j-algebra (s, j) via a root space decomposition. Since s 
is solvable, its derived algebra n := [s,s] is nilpotent. Let a denote the orthogonal complement of n with 
respect to (•, Hence, we obtain s = a © n and one can show that a is a maximal Abelian subalgebra 
consisting of semi-simple elements of s. The dimension r := dim a is called the rank of 5. Since s is split 
solvable, we can form the root space decomposition 

(2.2) s = a9 Sa! 

where we write s Q := {£ G s; [77, £] = a(r))(} for a G a* and A := A(s, a) := {a G a* \ {0}; s a ^ {0}}. 

Proposition 2.12. Let (s,j) be a normal j -algebra. 

(1) The root space decomposition (|2 . 2[) is orthogonal with respect to {•, •) ul . 

(2) There exist r linearly independent roots ai, . . . ,a r such that all other roots are of the form 

\a k (1 < k < r) and |(a/ ± a k ) (1 < k < I < r). 

Note that not all possibilities have to occur. 

(3) Let (771 , . . . , rj r ) be the basis of a dual to (—ai,...,—a r ) and set := —jr/k- Then we have 
S Qfc = ]R£ fc for all 1 < k < r. 

(4) For alll<k <l <r we have jS( ai _ afc )/2 = S( Qi+Qfc )/2- 

(5) For all 1 < k < r we have js Qfe /2 = s afc /2- 

Finally, we set 6 :— f]\ + ■ ■ ■ + r\ r and write S\ for the eigenspace of ad(5) with eigenvalue AeR. Then 
we obtain the grading 

s = s_i ffis_ 1/2 ffis 
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of s where 

r 

k=l l<k<l<r 
r 

(2 ' 3) S-l/2 =0S afc/2 , 

fe=l 

s = a© s (Qi _ Qfe)/2 

l<k<l<r 

hold. 

Next we explain how the domain D can be recovered from (s,j). Let S be the simply-connected Lie 
group with Lie algebra s and let So be the analytic subgroup whose Lie algebra is given by So- We define 
£ := £1 H — • + £ r and £1 := Ad(So)£. One can show that fHs a regular cone in s_i. 

Since s_!/ 2 is invariant under j, we may consider (s_i/2) j) as a complex vector space. Then the map 
$: S_i/2 X S_i/2 -» S^i, 

:= J([j£, £']+*[£,£']) 
is an r2~Hermitian form on s_i/2- Hence, we obtain the associated Siegel domain 

D s :={(^')es C iXS- 1/2 ; Im(£)-<I>(£',£')eQ}. 

Let S- be the analytic subgroup of S corresponding to s_i © S-i/2- Then the group S* = 5_ x Sq acts 
by affine maps on D$ via 

(2.4) (exp(£ + £'), s) • (z, to) := (Ad(s)z + £ + 2^$(Ad(s)u;, £') + i$(£', £'), Ad(s)u; + £') , 

where £ G s_i, £' 6 s_!/ 2 , s E Sq and (z,w) S S_j x 5_ 1/ / 2 hold. One can show that this action is 
simply transitive on D s which implies that D s is biholomorphically equivalent to a bounded homogeneous 
domain. 

Theorem 2.13. The construction described above yields a one-to-one correspondence between equivalence 
classes of homogeneous bounded domains and isomorphism classes of normal j -algebras. 

Finally we note the following corollary of (|2.4[) . 

Lemma 2.14. The group S c acts transitively on s^i x s_!/ 2 - 

3. Cyclic groups acting on bounded homogeneous domains 

We carry out the first step towards a proof of Steinness of X = D/T by showing that it is enough to 
assume that the cyclic group V lies in a maximal split solvable subgroup of G. 

3.1. Reduction to automorphisms in G. Let D C C" be a bounded homogeneous domain and let 
if G Auto(D) be such that the subgroup T := (ip) := {(p m ; m e 2} is discrete in Aute>(.D). Since every 
discrete subgroup is also closed, this implies that T acts properly on D, and hence that X := D/T is a 
complex space. 

Since the group T is cyclic, it is either finite or isomorphic to Z. In the first case it is classical that 
Steinness of D implies Steinness of X (see for example [7]). Therefore we will assume in the following 
that r is isomorphic to Z. Since every proper Z-action is automatically free, the quotient X is a complex 
manifold in this case. 

Recall that the group Auto(-D) has only finitely many connected components which implies that 
F° := F n G is a normal subgroup of finite index in T. Since D/T is Stein if and only if D/T° is so, we 
may assume without loss of generality that ip is contained in G = Aute>(£>)°. 
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3.2. Jordan-Chevalley decomposition. In this subsection we will explain how Kaneyuki's Theo- 
rem [2?2] implies the existence of the Jordan-Chevalley decomposition in G. 

Let us quickly review the Jordan-Chevalley decomposition. If H is a real-algebraic group, then every 
element h £ H can be uniquely written as h = h s h u = h u h s where h 5 £ H is semi-simple and h u £ H 
is unipotent. Following |17j we decompose the semi-simple part h s further as h s = h e h^ where the 
eigenvalues of h e £ H lie in the unit circle in C and where £ H has only positive real eigenvalues. We 
call h e the elliptic and the hyperbolic part of h. Note that the elements h e , and h u commute. 

Lemma 3.1. Let H C GL(iV,R) be a real- algebraic group and let h £ H° be given. If h = h e huh u is the 
multiplicative Jordan decomposition of h in H, then we have h e ,hu,h u £ H . 

Proof. Let h — h s + h n be the additive Jordan decomposition in R NxN . As is well known the matrices 
h s and h n can be expressed as polynomials in h. Furthermore, the multiplicative Jordan decomposition 
of h is then given by h — h 5 h u with h u = In + h~ 1 h n . Since H is real-algebraic, we have h s , h u £ H and 
the matrices h s and h u depend continuously on h. Moreover, the matrices h e and hh lie in H and depend 
continuously on h, too. 

If h £ H° holds, we find a continuous curve t i— > h(t) £ H°, t £ [0, 1], with h(0) — In and h(l) = h. 
Forming the multiplicative Jordan decomposition h(t) = h e (t)hh(t)h u (t) we obtain continuous curves 
t i— > h e (t) £ H , t i— * hh(t) £ H and t i— > h u (t) £ H. Because of h e (0) = hh(0) = h u (0) = In the claim 
follows. □ 

Since Kaneyuki's Theorem asserts that there exists a faithful representation p: G — > GL(7V, R) such 
that p(G) = H° for a real-algebraic subgroup H C GL(A r , IR), we obtain the following notion of Jordan- 
Chevalley decomposition in G. 

Definition 3.2. We say that an element g £ G is elliptic, hyperbolic or unipotent if the element p(g) has 
this property. 

Proposition 3.3. Every element g £ G may be uniquely written as g — g e gb9u where g e is elliptic, <?h is 
hyperbolic and g u is unipotent and where these three elements commute with each other. 

The following proposition generalizes Propositions 2.3 and 2.5 of [17] . 

Proposition 3.4. Every elliptic element of G is conjugate to an element in the maximal compact subgroup 
K , while every element g £ G with g e = e is conjugate to an element in the maximal split solvable group 
S. 

Proof. The claim follows from the facts that elliptic elements generate compact groups, that elements with 
trivial elliptic part generate split solvable groups and that maximal compact respectively split solvable 
groups are conjugate. □ 

3.3. Reduction to automorphisms with trivial elliptic part. In this subsection we will show that 
it is enough to consider automorphisms tp £ G whose elliptic part vanishes. 

Let ip = (fe'Ph'Pu be the Jordan-Chevalley decomposition of ip and set p' :— phPu as well as T' := (tp'}. 
By Proposition 13.41 we may assume that the group V is contained in the split solvable subgroup S of G. 
This implies in particular that V is a closed subgroup of G. Thus we may consider the complex manifold 
X' := D/V. We will show that X is Stein if and only if X' is Stein. 

The closure T of the group generated by p e is a compact torus in G. Since p' and p e commute, we 
conclude that T and V lie in the centralizer Zq(T). Consequently, the sets TV and XT' are subgroups 
of G. 

Lemma 3.5. We have TV = TV, and the action of TV on D is proper. Hence, Y := D/(TT) = D/(TV) 
is a Hausdorff topological space. 

Proof. The identity Xr = TV is elementary to check. 

Since X is compact, the X-action on X' is proper, hence the product group X x V acts properly on 
D. Since the element p' has by definition trivial elliptic part, the group TV is isomorphic to X x T' . □ 
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Since the groups T and V are normal in TT 
obtain the following commutative diagram: 



TV, the torus T acts properly on X and X' and we 




The following proposition is the main result of this subsection. 

Proposition 3.6. The manifold X is Stein if and only if X' is Stein. Hence, we can restrict our attention 
to automorphisms with trivial elliptic part. 

Proof. In a first step we investigate how T-invariant functions on X' induce T-invariant functions on 
X. For this let /: X 1 — > R be any smooth function which is invariant under T. It follows that the 
pull-back (p')*f: D — > K is smooth and TT'-invariant. Since T is a normal subgroup of TT', we obtain 
a T-invariant smooth function / : X — > K. 

Since the above diagram commutes, / and / induce the same continuous function on Y. By compact- 
ness of T this implies that if / is an exhaustion, then / is also an exhaustion. Moreover, if / is strictly 
plurisubharmonic, then (p')*f is strictly plurisubharmonic and hence / is strictly plurisubharmonic. 

If X 1 is Stein, then there exists a strictly plurisubharmonic exhaustion function on X' . Since T is 
compact, we can assume that this function is T-invariant. By the above arguments, we obtain a strictly 
plurisubharmonic exhaustion function on X. Hence, X is Stein. 

The converse is proved similarly. □ 



4. Example: The unit ball in C n 

In this section we discuss the automorphism group and the normal j -algebra of the unit ball B„ := 
{z£C"; II z || < 1} in C". It has been proven in [4] and [5] that the quotient manifold M n /(ip) is Stein for 
hyperbolic and parabolic automorphisms cp e Aute>(B n ). We will give here a different proof of this fact. 

4.1. The automorphism group of the unit ball. Let us first describe the full automorphism group of 
the unit ball B„ C C". For this we embed C n into the complex projective space P„(C) by (z\, . . . , z n ) ^> 
[z\ : ■ ■ ■ : z n : 1] . The image of B n under this embedding is given by 

D := {[zi : • • • : z n+1 ] € P„(C); \ Zl \ 2 + ■ ■ ■ + \z n \ 2 - \z n+1 \ 2 < 0}. 

Consequently, the group SU(n, 1), acting as a subgroup of SL(n + 1,C) by projective transformations 
on P n (C), leaves D invariant. Hence, we obtain a homomorphism $: SU(n, 1) — » Auto(B n ). One can 
show that $ is a surjective homomorphism of Lie groups whose kernel coincides with the (finite) center 
of SU(n, 1) (see for example p]). 

In order to find explicit formulas for the automorphisms of M n belonging to a maximal split solvable 
subgroup B n of G ~ Aute>(B„) we make use of the realization of B„ as the Siegel domain 

H„ := {{z,w) eCx C n_1 ; Im(z) - ||w|| 2 > 0}. 

From Theorem 12.91 we obtain 2n one parameter subgroups of automorphisms of H n which generate the 
group B n . These are listed together with their corresponding complete holomorphic vector fields in 
Table [U 

4.2. The normal j— algebra of the unit ball. Let b n be the Lie algebra of the group B n . Its derived 
algebra n„ := [b„, b n ] is given by 

n„ = KC © Mi © ' ' ' © Mn-i © K?7i © • ■ • © % n _i, 
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One-parameter group of automorphisms Vector field 







(z,w) i ^ 














(z,w) 1- 


♦ (*- 


h 2itwfc + it 2 


,101. 


. . . , UJfc + . . 


-,W n -i) £ k 




+ 75^- (1 < fc < n 


-1) 


(z,w) H 


♦ (*- 


(- 2to fe + it 2 , 


Wl, 


...,Wk + it,.. 




= 2 ^f - 


f zt^- (1< fc < n 

aw k \ — — 


-1) 






(z, w) 1 > l 




e l / 2 w) 






, l \r^n~l d 
+ 2 2^fc=l w k g Wk 





Table f . Automorphisms of H„ generating B n = A k N, 



while a := is maximal Abelian consisting of semi-simple elements of b n . One computes directly that 
the only non-vanishing commutators are 

[*,&] = -§&, = -5%. P,C] = -C> [a,%]=4C- 

In particular, n n is a (2n — 1) -dimensional Heisenberg algebra with center R£. Choosing the base point 
zq = (i,0) £ H n we obtain via the isomorphism b n — > b n ■ zo = Tz IHI n the following complex structure j 
on b„: 

./v .id- '//. • 

These data describe the normal j -algebra (b n ,j) of the unit ball B„. 

In the rest of this subsection we will prove several technical facts which lead to a proof of Steinness of 

»„/r. 

Lemma 4.1. Let £ G n n 6e arbitrary. Then there exists an n- dimensional Abelian subalgebra n' n of n„ 
which contains £. 

Proof. We proof the claim by induction over n. For rt = 1 the subalgebra rti itself is one-dimensional 
and Abelian. Hence, let n > 1 and let us assume that the claim holds for n — 1. We write £ = £' + £" 
according to the decomposition n rl = n n _i ©R£„_i ©Rt/,,_i. By our induction hypotheses there exists 
an (n — l)-dimensional Abelian subalgebra n' n _ 1 of n„_i containing Then := n' n _ 1 © R£" has the 
required properties. □ 

As a consequence we obtain the following 

Proposition 4.2 f |27].[TT]). Let N' n be the analytic subgroup of B n with Lie algebra n' n . Then every 
N' n -orbit in B„ is totally real and B„ is biholomorphically equivalent to a tube domain D in C™ such that 
N' n acts by translations on D. 

For the proof we have to review parts of the theory of (universal) globalizations of local holomorphic 
actions. We use [5] as a general reference. 

Let M be a complex manifold endowed with a local holomorphic action of a complex Lie group L. A 
globalization of this local action consists in an open holomorphic embedding l of M into a (possibly non- 
Hausdorff ) complex manifold M* on which L acts holomorphically such that t is locally equivariant and 
M* = L-l(M). A globalization M* is called universal if for every locally L-equivariant map ip: M M' 
into an L-manifold M 1 there exists a unique L-equivariant map <p* : M* — ► M ' such that the diagram 

M *~ M' 




M* 



commutes. By remark in §3 in [5] the universal globalization of a local L-action on M exists if and only 
if any globalization exists. 

Proof of Proposition ^, Since the group N' n is Abelian and H n is hyperbolic, every TV^-orbit in H„ 
must be totally real. 
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Let (N^) c be the universal complexification of N' n . Since (N^) c acts by affine-linear transformations 
on C", the universal globalization H* of the local (iV^) c -action on H n exists. Since every iV^-orbit is 
totally real and of maximal dimension n, every (iV^) c -orbit in H* is open. Thus H* = {N' n ) c / (N' n )^ 
is homogeneous and in particular Hausdorff. Moreover, H n is biholomorphically equivalent to a N' n - 
invariant domain in this homogeneous space. Because of dimH* = n = dim(A I ' l ) c the isotropy (N^)^ is 
discrete. Since (N.^) c = C" is simply-connected, we may apply Lemma 2.1 of [13] in order to conclude 
that H* is simply-connected which implies {N' n )^ = {e}. Hence the claim follows. □ 



Lemma 4.3. Let £ = £ a 

g E B n with Ad(g)£ G a. 



£ n „ S o © n„ = b n be an element with £ a 0. Then there exists an element 



Proof. We prove the lemma by induction over n. If n = 1, we identify the Lie algebra bi with 
{(o -t) ; t,s e M}. If ^ = (o -t) with t ^ is given, one verifies that g = (J 5 / 24 ) E #i fulfills 
Ad( 5 )£ a. 

Let n > 1 and let us assume that the claim is proven for n — 1. We write £ = £' + £" according to 
b n = b„_i © (IR£„_i © Rt7„_i). Since = £„ ^ (and in particular £' ^ 0), our induction hypothesis 
implies the existence of an element g € B n _i such that Ad(g)£' <E a holds. Since we have 

w,e] = [c,e]+& n _ 1 ,a=-K" 

for some A ^ 0, the subspace R Ad(g)£'ffiR Ad(g)£" C affin„ is a subalgebra of b n isomorphic to b\. Since 
Ad(g)£' ^ 0, there is an element g' in the corresponding subgroup with Ad(g') (Ad(g)C + Ad(g)£") = 
Ad(g'g)£_ 6 a. Hence, the lemma is proven. □ 

Lemma 4.4. The subspace b' n :— a © R£i © ■ • • © K£„_i is an n-dimensional subalgebra of b n such that 
every orbit of the corresponding subgroup B' n of B n is totally real in H n . 

Proof. Using the commutator relations one checks directly that b' n is a subalgebra of b n . 

To prove the second claim note that for (z,w) 6 C x C n_1 we have T( ZtW )(B' n ■ (z,w)) — b' n ■ (z,w) = 
RS(z, w) ©M£i(z, w) ©• ■ ■ ©R^„_i(z, w). Elementary considerations show that this real subspace of C™ is 
totally real if and only if the the matrix whose columns are given by the above vector fields has non-zero 
determinant. Since one computes 



det 



/ 2z 

Wi 
H<2 

\Wn- 



2iw\ 2iw2 



2iw n - 




A 



{-l) n - 1 (2z-2iw\ 



2iwt 



J 



the orbit of B' n ■ (z, w) fails to be totally real if and only if z = i Ylk=i w k holds. Because of 



Im 



' n-l 

w 2 k 



M| 2 = -2^Im( Wfc ) 2 <0 



such a point does not lie in 



\ fe=i / 
which proves the claim. 



k=l 



□ 



We have established the following fact. 

Corollary 4.5. Let £ £ b n be an arbitrary element. Then there exists an n-dimensional subalgebra b' n 
of b n containing £ such that the corresponding group B' n has only totally real orbits in H„. 

The same argument as in the proof of Proposition 14.21 applies to show the following 

Proposition 4.6. Let £ £ b n be arbitrary. Then there exists a subgroup B' n C B n containing exp(£) 
such thatM n is biholomorphically equivalent to a B' n -invariant domain in (B' n ) c where (B' n ) c acts by left 
multiplication on itself. 
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4.3. Quotients of the unit ball. Let ip be an automorphism of the unit ball B„ which generates a 
discrete subgroup r C G. The following proposition gives a necessary condition for X = B„/r to be 
Stein. 

Proposition 4.7. Let Q be a domain in a Stein manifold M. Then Q is Stein if and only if some 
covering of £1 is Stein. 

Proof. Let us assume that there is a covering of f2 which is Stein. It follows from [23 that the universal 
covering p: f2 — > Q is then Stein, too. If fl is not Stein, then there exists a Hartogs figure (H, P) in M such 
that H C fi and P qtVL hold (see [6]). Since H is simply connected, each component of p~ 1 (H) is mapped 
biholomorphically onto H by p. Let H be a component of p~ l (H) and write s := (p\ s) ■ H — > H . Since 
by assumption f2 is a Stein manifold, we can embed it as a closed submanifold into some C . Hence, the 
map s extends to a map s: P — > Cl C C w . Thus the composition pa s: P — ► fi C M is defined. Since 
(pos)|/j = idjy holds, the continuation principle shows p o s = idp, which contradicts our assumption 
P £ 0. □ 

Theorem 4.8. Let ip £ G be any automorphism generating a discrete subgroup T of G. Then the quotient 
X = B„/r is a Stein space. 

Proof. By virtue of Proposition 13.61 we can assume that ip lies in the maximal split solvable subgroup 
B n C G. Then we find an n-dimensional closed subgroup B' n C B n containing L such that each B^-orbit 
is totally real in B„. By Proposition 14.61 we may embed B„ as a S'j-invariant domain into (B' n ) c where 
(B' n ) c acts by left multiplication on itself. Let Cr be the complex one parameter subgroup of {B' n ) c 
which contains P. Since (B' n ) c /T is a C*-principal bundle over (B' n ) c /Cr — C™^ 1 , we conclude that 
(B' n ) c /T is a Stein manifold. Therefore the claim follows from Proposition 14. 71 □ 

5. Existence of equivariant holomorphic submersions 

In [2D] the j-invariant ideals of a normal j-algebra are investigated. For the sake of completeness we 
indicate how the root space decomposition of a normal j-algebra may be used to find a j-invariant ideal 
which is isomorphic to the normal j-algebra of the unit ball. 

5.1. Existence of j— invariant ideals isomorphic to the unit ball. Let (s,j) be a normal j-algebra 
with gradation s = s_i © S_i/ 2 © s . We define s' := s / _ 1 © s'_^ 2 © Sg by 

r-1 

S '-l : =@ S a fc ® (J) S( ai +a k )/2, 
k=l l<fc<i<r-l 
r-1 



1/2 : ~ (£) 5 a k /2, 

fe=l 



s' := Mtfi • • • e M?7 r _i 8 «( a ,-a*)/a. 

l<fe<Z<r-l 

i. e. s' is the direct sum of all root spaces in which the roots a r , \ct r or \{a r ± ojfc) (1 < k < r — 1) do 
not appear. 

Lemma 5.1. The subspace s' is a j-invariant subalgebra of s. Moreover, there exists an u' £ (s')* such 
that (s', j') is a normal j -algebra where j' := j\ s i . 

Proof. The fact that s' is closed under the Lie bracket follows from the properties of the root space 
decomposition and j-invariance is a direct consequence of Proposition 12.121 (3)-(5). Setting u>' := u\ s > 
the claim follows. □ 

Let 7r: s — > s be the orthogonal projection onto s' with respect to (■, 

Lemma 5.2. The map n is a homomorphism of normal j -algebras algebras whose kernel is given by 

r — 1 r—1 

b := S ar © S( Qr+Qfc) /2 © S Qr /2 © M?7r © S(a r -a fc )/2> 
fe=l k=l 
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and hence induces an isomorphism s/b = s' . In particular, b is a j -invariant ideal in s and thus inherits 
the structure of a normal j -algebra. 

Proof. Using properties of the root space decomposition one checks directly that the map tt preserves 
the Lie brackets. The kernel of tt is given by the orthogonal complement of s' in s with respect to (•, -) w 
which in turn coincides with b by Proposition 12.121 (1). Since s' and b are j-invariant, it follows that 
7r o j = j o 7r holds. This finishes the proof. □ 

Lemma 5.3. The normal j -algebra (b,j) is isomorphic to the normal j -algebra of the unit ball. 

Proof. One computes directly 

r — 1 r — 1 

[b,b)= Sa r © S(a r+Qfc )/2 © S« r /2 © S(a r -a fc )/2- 
k=l k=l 

Hence, Mj] r is maximal Abelian in b and in particular b has rank one. The claim will follow if we show 
that [b, b] is a Heisenberg algebra. For this one checks that s ar is the center of [b, b] and that the Lie 
bracket 

[•,•]: b_i /2 x b_i /2 -^v 

defines a symplectic form on 

r — 1 r — 1 

b -l/2 : = S (a r +a fc )/2 © ^a T /2 © S(a r -a fc )/2- □ 
k=l k=l 

Lemma 5.4. Let tt: S —>■ S' = S/B m be the homomorphism on the group level. The short exact sequence 
1 — > B m — > S — > 5" — > 1 splits, i. e. S is isomorphic to <S" x B m . 

Proof. The claim follows from the fact that s' ^ s is a homomorphism of Lie algebras and a section to 

TT. □ 

5.2. Geometric realization of the fibration. In this subsection we view tt as a map s_i x s_i/2 — > 
(s'_ 1 ) c x 0^_ x / 2 by restriction and C-linear extension. 

Lemma 5.5. The map n maps D s into D s i . 

Proof. First we note that 7r maps the base point £o = £j + • • • +£ r onto the base point £q = + • • ■ +£>-i- 
Since 7r : 5 — > 5' is a homomorphism of Lie algebras, it gives rise to a unique morphism 7? : S — > S' between 
the corresponding Lie groups such that 

7r(Ad(s)^) = Ad(7?(*))7r(0 

holds. Since tt also respects the grading of s and s', we conclude that tt maps the cone f2 = Ad(So)£o 
onto the cone fi' = Ad^p)^. Since the fi-Hermitian form $ is determined by the complex structure 
J and the Lie bracket of s which both are respected by tt, we obtain <I>'(7r(£), 7r(£')J = 7r<I>(£,£'). This 
proves the claim. □ 

Choosing the base point z$ := (i£o,0) 6 D s we obtain the diffeomorphism S —>■ D Sl s 1— > s ■ zq. 
Equipping S with the left invariant extension J of j this diffeomorphism becomes biholomorphic (see 
Lemma 1.2 in [12 ). Let £> be the normal subgroup of S with Lie algebra b and let 5" be the analytic 
subgroup with Lie algebra s' . Note that S' is isomorphic to S/B via tt: S — > 5'. The base point 
Zq := 7r(zo) yields the isomorphism S" — * D s i. Now we are in position to prove the main result of this 
section. 

Proposition 5.6. The following diagram commutes: 

S — 
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It follows that ir: D s — > is an S -equivariant holomorphic submersion whose fibers are isomorphic to 
the unit ball. 

Proof. We have to show that 

7r(s • Z ) = 5r(s) • z' Q 

holds for all s 6 S. In the proof of Lemma [531 we have already seen that this holds true for s <E Sq. Using 
the explicit formula (|2.4[) for the ^-action on D s one verifies the claim for the whole group S. □ 

Remark. Let n : D — > D' be the S* equivariant holomorphic submersion whose fibers are biholomorphically 
equivalent to B m . It follows from Proposition 15.61 that n is a smooth principal bundle with group B m . If 
7r was a holomorphic fiber bundle, then by a result of Royden ([21 ) it would be holomorphically trivial, 
i. e. D = D' x B m . This shows that ir admits in general no local holomorphic trivializations. 



6. Proof of the main theorem 

6.1. Equivariant fiber bundles. In this subsection we present an auxiliary result concerning the quo- 
tient of an equivariant fiber bundle. Since it seems to be hard to find an explicit reference for it, we give 
a proof here. 

Proposition 6.1. Let p: B — » X be a fiber bundle with typical fiber F and structure group S . Let G be 
a group acting on B by bundle automorphisms. We assume that the induced G -action on X is free and 
proper. Then G acts freely and properly on B, and hence we obtain the commutative diagram 

B ^ B/G 



p 



X XI G. 

The induced map p: B/G — » X/G is again a fiber bundle with the same typical fiber and structure group. 

Proof. We prove first that the map p: B/T — > X/T admits local trivializations. To see this let U C X be 
an open set such that there exists a trivialization ip: U x F — > p^ 1 (U) . Shrinking U if necessary, we may 
assume that there exists a slice for the G-action on U := G-U, i. e. that U is G-equivariantly isomorphic 
toGx5 where G acts on G x S by g ■ (</, x) := (gg\ x). It follows that p^ 1 (S) is a slice for the G-action 
on p~ 1 (J7) (see [19]), hence we obtain a G-equivariant isomorphism p _1 (C7) =c G x p^ 1 (S). Therefore 
the map 

0: U x F — > ]3 _1 (C/), (p{g-x,y) :=g-<p(x,y), 

with g 6 G and x G S is well-defined and hence a G-equivariant trivialization. This implies that the map 
p: B/G — > X/G admits local trivializations. 

Since G acts by bundle automorphisms on B, the transition functions between different G-equivariant 
local trivializations (p and i/j induce isomorphisms of F given by the action of the structure group S. Thus 
the structure group of the fiber bundle p: B/G — > X/G is again given by S. □ 

Example. Let G be a complex Lie group and let H% C Hi C G be closed complex subgroups. According 
to Theorem 7.4 in c 22] the natural map G/H% — > GjH% is a holomorphic fiber bundle with fiber H2/H1. 
The structure group of this bundle is given by H 2 /(Hi) where (-Hi)o denotes the largest subgroup of 7?i 
which is normal in H2. In particular, if H2 is connected, then the structure group is connected. Moreover, 
the maps g'H\ 1— » gg'H\, g e G, are bundle automorphisms of G/H\ — » G/H-i- Hence, we may apply 
Proposition 16 . 1 1 to any subgroup G of G which acts properly and freely on G/H2 to obtain the quotient 
bundle 

G'\G/H 1 -> G'\G/H 2 . 
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6.2. Globalizing the submersion. Let D be a homogeneous Siegel domain and let tt: D — > D' be 

the S-equivariant holomorphic submersion whose fibers are biholomorphically equivalent to the unit ball 
B m . By Lemma EIH 5 C acts transitively on S c ■ D = C™, hence we obtain S c ■ D = C n = S C /S^ Q . 
Since C™ is simply-connected, it follows that Sf is connected. This implies that D* := S c ■ D is the 
universal globalization of the local S^-action on D. Similarly, (£)')* := (S') c -D' = C n_m is the universal 
globalization of the local (5") c -action on D' . 

Proposition 6.2. There exists a unique S c -equivariant map tt* : D* — » (£)')* which exhibits D* as a 
holomorphic fiber bundle over (D 1 )* with typical fiber = ■ H m = C™. TTie structure group is a 
connected complex Lie group. 

Proof. Since the submersion tt : D —> D' is S"-equivariant, we have (£>')* = (5') C ■ D' = S c ■ D' = C n - ,n . 
Since moreover D* = 5 c /5f and (D')* = S c /S^, the existence of tt* follows from the fact that Sf 

is contained in Sf,. It is then immediate that tt* : D* — > (Z)')* is unique. Since D* and (£)')* are 
simply-connected, the groups S^ and S 1 ^, are connected. Hence, it follows from Theorem 7.4 in [52] 
that £>* is a holomorphic fiber bundle over (D')* with fiber Sf, /Sf such that the structure group is a 
connected complex Lie group. Since B m is a normal subgroup of 5, it lies in the S'-isotropy of each point 
in D' . Hence, is a normal subgroup of SS . Because of Sf flB^ = (B^) Zo the inclusion S^, 



^0 



induces an isomorphism B„/(i?„) Zo — > S^, / which proves that the fibers of tt* are isomorphic to 
M* 1l = B^-U m = B^/(Bg) Z0 . ' □ 

Corollary 6.3. We have (t:*)- 1 (D') = Bf n ■ D. Hence, the restricted map tt* : B^ ■ D -> D' is a 
holomorphic fiber bundle with typical fiber M^. 

Proof. Let z G (n*)^ 1 (D r ) be given. By definition of D* there exist a g £ S c and az £ D such that 
z = g-z hold. Since S' acts transitively on D' , we find & g' £ S' such that g-n(z) = tt*(z) = g' ■tt(z) holds. 
Since 5" acts freely on D', we conclude gig') -1 £ 5^. This shows that z = gig') -1 ■ ig' ■ z) G B^ ■ D 
holds. The converse inclusion follows from the fact that n* is B^-invariant. □ 

Corollary 6.4. Let B' m be a subgroup of B m having only totally real orbits in H m . Then the universal 
globalization of the local (BJ B ) C -action on D is a iB' m ) c -principal bundle over D' . 

Proof. Since D' is a contractible Stein domain, we may apply Grauert's Oka principle to the bundle Bf n ■ 
D — > D' in order to obtain a -Bj^-equivariant biholomorphism ■ D — > D' x H^. Then Proposition 14.61 
implies that the universal globalization of the local iB' m ) c -action on D is isomorphic to D' x iB' m ) c 
which proves the claim. □ 

6.3. Proof of the main theorem. Finally we are in position to prove that our main result. 

Theorem 6.5. Let D C C" be a bounded homogeneous domain. Let ip be an automorphism of D such 
that the group T = (ip) is a discrete subgroup of Aute>(£>). Then the quotient X — D /T is a Stein space. 

Proof. Due to our reduction steps in Section [3] we may assume that ip is contained in a maximal split 
solvable subgroup S C G. Moreover, we assume that D is realized as a Siegel domain in C" such that S 
acts by affine-linear transformations on D. 

We prove this theorem by induction on n = dime D. If n = 1, then D is biholomorphically equivalent 
to the unit disc in C and the claim follows. 

Let n > 1 and let us assume that the claim is proven for every n' < n. Let tt: D — > D' be the S- 
equivariant holomorphic submersion with fibers isomorphic to H m onto the homogeneous Siegel domain 
D' C C"~ m . In the first step we consider the case that T is contained in the normal subgroup B m , 
hence that tt is T-invariant. By Corollary 14.51 there exists an m-dimensional subgroup B' m of B m which 
contains T such that every S^-orbit in H m is totally real. Applying Corollary 16.41 we see that the 
universal globalization D* of the local (S^ 1 ) c -action on D is a (B^j) c -principal bundle over D' which 
must be holomorphically trivial. Therefore D* /Y is a Stein manifold and Proposition ^. 71 applies to show 
that X is Stein. 
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If r is not contained in B m , then we obtain a proper T-action on D' . Since T normalizes the group 
B^, it follows that T acts by bundle automorphisms on the holomorphic fiber bundle Bf n ■ D — > D' '. We 
conclude from Proposition 16.11 that the quotient bundle 

(s£ ■ d) /r -> £>'/r 

is a holomorphic fiber bundle with fiber Eljjj and connected structure group Sf, /(Sf )o- Since the base 
is Stein by our induction hypothesis, a result of Matsushima and Morimoto (Theorem 6 in [TS]) implies 
that {B m ■ D) /r is Stein, hence that X is Stein. This finishes the proof. □ 

References 

[1] D. N. Akhiezer - Lie group actions in complex analysis, Aspects of Mathematics, E27, Priedr. Vieweg & Sohn, 
Braunschweig, 1995. 

[2] A. Borel - "Kahlerian coset spaces of semisimple Lie groups", Proc. Nat. Acad. Sci. U. S. A. 40 (1954), p. 1147-1151. 
[3] H. Cartan - Sur les groupes de transformations analytiques, (Exposes mathematiques IX.) Actual, scient. et industr., 

vol. 198, Hermann, Paris, 1935. 
[4] C. DE Fabritiis - "A family of complex manifolds covered by A„" , Complex Variables Theory Appl. 36 (1998), no. 3, 

p. 233-252. 

[5] C. de Fabritiis & A. Iannuzzi - "Quotients of the unit ball of C™ for a free action of Z", J. Anal. Math. 85 (2001), 
p. 213-224. 

[6] F. DOCQUIER & H. Grauert- "Levisches Problem und Rungescher Satz fur Teilgebiete Steinscher Mannigfaltigkeiten" , 
Math. Ann. 140 (1960), p. 94-123. 

[7] H. Grauert & R. Remmert - Theory of Stein spaces, Classics in Mathematics, Springer- Verlag, Berlin, 2004, Trans- 
lated from the German by Alan Huckleberry, Reprint of the 1979 translation. 

[8] P. Heinzner & A. Iannuzzi - "Integration of local actions on holomorphic fiber spaces", Nagoya Math. J. 146 (1997), 
p. 31-53. 

[9] A. T. Huckleberry & E. OeljeklauS - "Homogeneous spaces from a complex analytic viewpoint", in Manifolds and 

Lie groups (Notre Dame, Ind., 1980), Progr. Math., vol. 14, Birkhauser Boston, Mass., 1981, p. 159-186. 
[10] G. HOCHSCHILD — The structure of Lie groups, Holden-Day Inc., San Francisco, 1965. 
[11] A. Iannuzzi - "Characterizations of G-tube domains", Manuscripta Math. 98 (1999), no. 4, p. 425-445. 
[12] H. Ism - "On symplectic representations of normal j'-algebras and their application to Xu's realizations of Siegel 

domains", Differential Geom. Appl. 24 (2006), no. 6, p. 588-612. 
[13] A. Iannuzzi, A. SPIRO &; S. Trapani - "Complexifications of holomorphic actions and the Bergman metric", Internat. 

J. Math. 15 (2004), no. 8, p. 735-747. 
[14] S. Kaneyuki - "On the automorphism groups of homogeneuous bounded domains", J. Fac. Sci. Univ. Tokyo Sect. I 

14 (1967), p. 89-130 (1967). 

[15] , Homogeneous bounded domains and Siegel domains, Springer- Verlag, Berlin, 1971, Lecture Notes in Mathe- 
matics, Vol. 241. 

[16] W. Kaup, Y. Matsushima & T. Ochiai - "On the automorphisms and equivalences of generalized Siegel domains.", 

Amer. J. Math. 92 (1970), p. 475-498. 
[17] B. Kostant - "On convexity, the Weyl group and the Iwasawa decomposition", Ann. Sci. Ecole Norm. Sup. (4) 6 

(1973), p. 413-455 (1974). 

[18] Y. MATSUSHIMA & A. MORIMOTO - "Sur certains espaces fibres holomorphes sur une variete de Stein", Bull. Soc. 

Math. France 88 (1960), p. 137-155. 
[19] R. S. PALAIS — "On the existence of slices for actions of non-compact Lie groups", Ann. of Math. (2) 73 (1961), 

p. 295-323. 

[20] I. I. Pyateskii-Shapiro - Automorphic functions and the geometry of classical domains, Translated from the Russian. 

Mathematics and Its Applications, Vol. 8, Gordon and Breach Science Publishers, New York, 1969. 
[21] H. L. Royden - "Holomorphic fiber bundles with hyperbolic fiber", Proc. Amer. Math. Soc. 43 (1974), p. 311-312. 
[22] N. Steenrod - The Topology of Fibre Bundles, Princeton Mathematical Series, vol. 14, Princeton University Press, 

Princeton, N. J., 1951. 

[23] K. Stein — "Uberlagerungen holomorph-vollstandiger komplexer Raume", Arch. Math. 7 (1956), p. 354-361. 

[24] E. B. VlNBERG, S. G. Gindikin & I. I. Pjateckii-Sapiro - "Classification and canonical realization of complex 

homogeneous bounded domains", Trudy Moskov. Mat. Obsc. 12 (1963), p. 359-388. 
[25] E. B. VlNBERG - "The Morozov-Borel theorem for real Lie groups", Dokl. Akad. Nauk SSSR 141 (1961), p. 270-273. 
[26] (g<1-) - Lie groups and Lie algebras, III, Encyclopaedia of Mathematical Sciences, vol. 41, Springer- Verlag, 

Berlin, 1994. 

[27] P. C. Yang - "Geometry of tube domains", in Complex analysis of several variables (Madison, Wis., 1982), Proc. 
Sympos. Pure Math., vol. 41, Amer. Math. Soc, Providence, RI, 1984, p. 277-283. 

Fakultat fur Mathematik, Ruhr-Universitat Bochum, Universitatsstrasse 150, D - 44780 Boohum, Telefon: 
+49 - 234 - 32 - 23329, Fax: +49 - 234 - 32 - 14498 

E-mail address: christian.miebachOruhr-uni-bochum.de 



